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Lecture A

Addendum to Lecture 7

Aim of this short note is to fix some problem present in Lecture 7. There we made the
wrong assertion that Z(X) = &(X, ), where # = {{} : k € N} is a subset of X* such
that {hy = R,j(¢x) : k € N} is an orthonormal basis of H.

First of all we prove a result concerning the o—algebra & (X, #°) and then we use such
result to rewrite the proof of Proposition 7.4.5.

A.1 Completion of &(X,.77)

Theorem A.1.1. Let X be a separable Banach space and let v be a centred Gaussian
measure on X. If {hy : k € N} is an orthonormal basis of H contained in R(X*), then

B(X)y=E(X,5),
with 7 = {hy : k€ N} .
We need some preliminary result.

Lemma A.1.2. Let v be a centred Gaussian measure and let z*,y* € X™* be such that
13 @) | z2x ) = 13 W) z2(x ) = 1 and [l(2*) = j(y)72(x .,y =€ Then for any o € R

€
4—¢’

Y{z* > a}A{y* > a}) <

3w

where AAB = (A\ B)U (B\ A).

Proof. We use essentially the fact that «*,y* : X — R are random variables with image
measures .4 (0,1). Let us define the map 7 : X — R?,

Te = —(z"(x) +y"(z), 2" (z) — y*(2)).

Sl
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Since

e = [7(") = 3 WL2(x ) = 200 = (@), W) r2ixm)s

we deduce, by Exercise 2.4, that 4o T~ = .#/(0,Q) with
2—% 0
("7 7).
0 3

Set E={ze€X:2*(x)>a}, F={x € X :y*(x) > a}. Then E=T"YA), F=T"1B)

where

A={(u,v) eR*:u+v>av2}, B={(u,v) €R?:u—v>aVv2},

and we have
(EAF) = /X () — 1p() |y (dx) = /X |L4(T) — 1p(Ta) (de)
= 2 ’ﬂA(u7v) - ﬂB(“’? U)"/V(Q Q)(d(u77)))

- /R L (s,) = L (s, 0| A (0, I2) (d(s, 1))
=2.4(0,1,)(A"\ B'),

where the sets A’ and B’ are obtained by the change of variables s = —%—, t =

, Y and
V2-3 Vi
then

4- 2 4 - 2

Al:{(S»ﬁeRQ:tz €s+a}’ B/:{(s,t)eRQ:tS : a}.
€ Ve €

We have

B

20 €
A\NB = (s;t) €R?: —t, | —— < s — <t
\ {(S ) e e T

and therefore

V(EAF) =2.4(0, 1) (A'\ B)

1 oo t2 V 4L—Et+ ioie _ﬁ
=— e~ e 2ds | dt
/ t+ 2a

+oo +2
<—1/ / te™ 7 dt.
4—¢
]

Proposition A.1.3. Let z* € X* and let (x}) be a sequence in X* such that j(z7)

converges to j(x*) in L*(X,7) and ||5(x*)|l12(x) = [i(@p)ll2(x0) = 1 for any n € N.
Fized any o € R, set E = {z : 2*(z) > a}, E, = {z : 2}(z) > a}. Then

lim v(EAE,) =0.

n—-+0o

In addition, if 9 is a sub-o algebra of F and E, € 9 for any n € N, then E € (¥),.
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Proof. The first assertion follows by Lemma A.1.2 since

2 [ i) ~ i) lroxg)
g — g, |1 (x) = V(ERAE) < = - e
102 = 1. 1) = V(EaAE) WV =15 = i@

Let us prove the second statement. Since lg, — lg in L'(X,), 1g, is a Cauchy
sequence in L'(X,¥,v). Hence, there are a subsequence and A € ¢ with v(A) = 1 such
that 1g, (x) converges for any x € A. Set g(z) =0 for z € X \ A and

g(z) = lim 1g, (z), Vo e A.

k—+o00

Then g is ¢—measurable. Since 1g, has values in {0,1}, g is the characteristic function
of some set F© C A; the measurability of ¢ implies that FF € 4. By the Dominated
Convergence Theorem, 1, —converges to 1p in LY(X,4,~) and hence also in L'(X,~).
On the other hand,

V(EAF) =|1g = 1pllpixq < e = 1e, l21(x4) + 1B, — Vplloixs  VEEN

Since 1z, converges to g in L1 (X, ), the right hand side vanishes as k — 400, y(EAF) =
0and £ € (¥4),. O

We can then prove the main result.
Proof. (of Theorem A.1.1) Since &(X, ) C #(X), the inclusion
E(X, H)y C B(X),

is immediate. Let us prove the reverse inclusion. Arguing as in Theorem 2.1.1, it is enough
to prove that B(xg,r) € &(X, ), for any 2o € X, r > 0. Since there exists a sequence
xy € X* such that

B(xg,7) = ﬂ {r e X :|z*(x —x0)| <1},
neN

we are reduced to show that

EZ ={r € X :a*(vo) —r < x*(x) < 2*(x0) + 1} € E(X, H),

To,r

for any 2* € X*, 29 € X and 7 > 0. Let us distinguish the cases ||j(z*)||r2(x ) = 0 and

17 (@) z2(x ) # O-
If 2* € X* is such that [|j(z*)| 12(x ) = 0, then yo(z*) ! is a Dirac measure and then

(B, .)€ {01}
depending on the fact that 0 € [z*(x0) — 7, #*(x0) + 7] or not. In any case, Ef . is a
null measure set modification of either the empty set or the whole space X, and then

€ &(X, 7).

xor
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In the case ||j(z*)| 12(x,,) # 0, we have

E¥ ={reX:a <T*(z) <} ={Z" > a1} N{-Z" > —ay},

zo,r

where z* € X* is defined by
—x 1 *

_= - X
17 () [ L2 x )

so that [7(Z*)|[z2(x,y) = 1 and

x*(xg) — 7 x*(xo) + 7

o0 = T Qg = T — .
17 (=) | 2 (x ) 17(@*) | 2 (x )
We then apply Proposition A.1.3 with

o = cn Y G, Bk 20 ks
k=1

where ¢;, > 0 is a normalising constant such that ||j(z},)|z2(x,) = 1, and then, since j(x},)
converges to j(z*) in L?(X,~), we deduce that E2 € &(X, H).. O

xo,T

A.2 Proof of Proposition 7.4.5

Proof. Let us fix f € LP(X,v). We know that for any € > 0 there exists a simple function
Se,

Ss:ZCiﬂAi, A€ B(X),ci € R\ {0},
i=1
such that ||f — s||Lr(x ) < €. Since B(X) C &(X, H),, for any i = 1,...,m there exists
A; € (X, ) withy(A;AA;) = 0. Since &(X, ) is the o-algebra generated by the

algebra
{g(x, F):neN,F,={,... ,en}},

for any i = 1,...,m there exists n; and C; € &(X, F,,) with y(fliACZ-) < #ﬁzzlp The
choice of the sets C; implies that by defining

m
55 = E C’L']lcia
i=1
we have

m
lse = 3ellzoexy < D leilllLa, — eyl oo (x.)
1=1

= el (AACH) =e.
i=1
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Then, if n = max{n; : i = 1,...,m}, since 8 is & (X, F,,)—measurable, by property 6. of
Proposition 7.2.3 E,,5. = 5. and then

1f = Enfllorxyy SIf = sellzexqy) + l18e = Sellrx )+
+ |5 — Enss”LP(X,v) + [|[Ense — EanLP(X,«,)

<If = sellrx ) + 11se = 3ellr(x )+
+ [[En(8e = se)llzrx,y) + En(se = )lle(x )
<2[|f = sellr(x,0) + 2

Se — §€‘|LP(X7,7) < 4e,

where we have used the contractivity property of the conditional expectation. The proof
is then completed. O



