Lecture 6

The classical Wiener space

In this Lecture we present the classical Wiener space, which is the archetype of the struc-
ture we are describing. Indeed, any triple (X,~, H) (where X is a separable Banach
space, v is a Gaussian measure and H is the Cameron-Martin space) is called an abstract
Wiener space. In the classical Wiener space the Banach space is that of continuous paths,
X = C([0,1]), and all the objects involved can be described explicitly. The Gaussian
measure is the Wiener measure vV defined in Lecture 5, the covariance operator is the
integral operator with kernel min{x,y} on [0, 1]? and both the Cameron-Martin space H
and X are spaces of functions defined on [0, 1].

6.1 The classical Wiener space

We start by considering the measure space (X, Z(X),7") where X = C([0,1]), #(X) is
the Borel o—algebra on X and "V = P" 0o B~! is the measure defined in Proposition 5.2.10.

We give the following approximation result for measures in terms of Dirac measures.
For every real measure p € .#([0,1]) and n € N we set

2" —1

fn = p({1)5 + 3 ([;ﬂ l;f)) Sisa. (6.1.1)
=0

Lemma 6.1.1. The following statements hold:
(1) for every u € #([0,1]) the sequence (u,) converges weakly to p;

(ii) for every u,v € #([0,1]) the sequence (fun, ® V) converges weakly to p @ v;

(i1i) for every u,v € A#([0,1]) the sequence (p, @ vy) converges weakly to pu ® v.
Proof. (i) Let us fix f € C([0,1]). Then

— it1
= [ g =3 f (15" - 7)) ta).
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By the uniform continuity of f, for every € > 0 there is ng > 0 such that for n > ng we
have |f(45) — f(z)| < € for every @ € [i27™, (i + 1)27"] and for every i = 0,...,2" — 1,
whence for n > ng

\Z J1s iy (1057) = 102 mtan] < o)

PICREPIO

and p,(f) — p(f).
(ii) Let now f € C([0,1]?). Setting

only) = /M f@m(ds), o) = /[0 ),

we have

/ £ (@9 im ® 1) (d(z ) = / on(y)v(dy).
[0,1]2

[0,1]
For any y € [0,1], (pn(y)) converges to ¢(y) by statement (i). Since

| on(y)] < ([ fllooll ([0, 1]),

by the Lebesgue Dominated Convergence Theorem we have

lim en(y)v(dy) = /

n—=+00 Jig 1] [0,1]

v (dy) = / £ () (1 @ v)(d(z. ).

[0,1]2

(iii) Let now f € C([0,1]?). Let ¢, and ¢ the functions in (ii), then

£, 9) (tn © va)(d(z, y)) = / on()vm(da)

[0,1]2 [0,1]

= / o(z)vp(dx) +/ (en(z) — (@))vn(dz).
[0,1]

[0,1]
We argue as in (i): by the uniform continuity of f for any £ > 0 there is ng > 0 such that
for n > ng

2n—1

su n(x) —o(x)| <
b [gn(z) — p(a) ;/[)

IE[O,I] PR

1+1
on

() = o) ulld) < elul(0. 1),

Using the inequality |v,[([0,1]) < |v]([0,1]), see Exercise 6.1, we have
’ /[01](90”(:15) - SO(x))un(d:U)‘ < elpl([o, 1])ilé§ v ([0, 1]) < elv|([0, 1]) |[([0, 1])
so that

i [ ) ® ) (d(z ) = / £ 9) (1 ® ) (d(z, ).

00 J[0,1)2 [0,1]2
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Statements (ii) and (iii) in Lemma 6.1.1 can be shown in a different way and for
arbitrary sequences (u,) and (v,) weakly convergent to p and v respectively, see Exercise
6.2.

Proposition 6.1.2. The characteristic function of the Wiener measure v" is
W =ew{ g [ minta)ee @)}, e (O1)
So, 'yW is a Gaussian measure with mean zero and covariance operator
Bow () = /[0,112 min{t, s}(u @ V)(d(t5)), v e.a(0,1]). (6.1.2)

Proof. We start by considering a linear combination of two Dirac measures
p = ads + 36

with a, 8 € R, s <t € [0,1]. Then
W () = /X expliad,(f) + i5,(f) 14" (df) = /X expliaf(s) + B (61" (df).

Since /" =PY o B! with PW(A) = 1 and B is a version of the Brownian motion which
is continous on A, noticing that (By)ejo,1] and (Bt)iefo,1) have the same image measure,
we obtain

—

AW (p) = /A exp{iaB(w)(s) + iBB(w)(t))PV (dw) = /A exp{iaBs(w) + iBB;(w))P" (dw)
- / exp{iaBy(w) + iBBy(w))PV (dw) = / exp{iaBs(w) + iBB(w))PY (dw)
RI[0,1] RI[0,1]
= [ expliCa-+ B)Bw) + iB(Bw) — Bufw)P (d).
Since Bs and B; — B are independent, we may write
YW(p) = /IR oy Pl + B)By(w) +iB(Be(w) — By (w))PY (dw)
= [ explita+ BP0 [ explif(Biw) - B(w)P" (o)
RIO,1] RIO,1]
— [ explita+ 8)2}N 0,5)(da) - [ explisy) A (0,8 - )(d)
R R
=exp {;(a + 5)25} exp {;52(25 - s)} = exp {;((az +2af)s + ﬂ2t> } .
We now compute the integral

/ min{z, v} (4 ® u)(d(z, ) = / (@) u(dz) = ap(s) + Be(t)
[0,1]2

[0,1]
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where p(z) = f[o yymin{z, y}u(dy). We have

os)= [ min{s,y}u(dy) = /

yp(dy) + S/ u(dy) = as + Bs
[0,1] [0,s]

(s,1]

o) = [ min{t, yhu(dy) = /

yp(dy) + t/ p(dy) = as + Bt,
[0,1] [0,t]

(t,1]

whence

/[0 12 min{z, y}(u @ p)(d(z,y)) = (o* + 2ap)s + .

So, the assertion of the theorem holds if x4 is a linear combination of two Dirac measures.
The same assertion holds true if p is a linear combination of a finite number of Dirac
measures. In the general case we conclude by using Lemma 6.1.1. Indeed, if pu, is the
approximation of u defined in (6.1.1), then for any f € X,

lim pn(f) = lim ]f(w)ﬂn(dw): f(@)p(dz) = p(f).

n——4o00 n—-4o0o [0,1 [071]

Hence exp{iun(f)} converges to exp{iu(f)} for any f € X, so by the Lebesgue Dominated
Convergence Theorem

W) = [ exolintn" (@) = Jim [ esolin (DR (@)
1
= lim exp{ ——= min{z n n)(d(x,
Jim p{ 3 it v ) y>>}
1

—exp{d —= min{z d(x .

p{ 5 .t v m ,y>>}

Then we conclude applying Theorem 2.2.4. O

We notice that the space

Co([0,1]) == {f € C([0,1]) : £(0) = 0} = 55" ({0})

is a closed subspace of C([0,1]). Since
_ 1 _
W (50) = exp {—2 [, minte o) e 50)(d($,y))} -1
0.1

7W05()_1 = 4(0,0) = dp, and so

YW (Co([0,1])) = (v 0 551 ({0}) = 1.

Then 4" is degenerate and it is concentrated on Cy([0, 1]).
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6.2 The Cameron—Martin space

In order to characterise the Cameron-Martin space of (C([0,1]),7"), we use the embed-
ding ¢+ : C([0,1]) — L?(0,1), «(f) = f, which is a continuous injection since

() L20,1) < [1f lloo-

If we consider the image measure ¥V := 4y" 0,71 on L?(0,1), the Cameron-Martin spaces
on C([0,1]) and on L?(0,1) are the same in the sense of Proposition 3.1.10. The fact that
L%(0,1) is a Hilbert space allows us to use the results of Section 4.2.

By using the identification (L?(0,1))* = L?(0,1), the characteristic function of the
Gaussian measure 7"V is

)= [ ep{ithomon} 7@ = [ el mont " @)

c([0,1])

Let us compute ((f),g)2(0,1)- If we denote by o* : L2(0,1) — .#([0,1]) the adjoint of .,
then

((f),9) 2001y = ¢ (9)(f)- (6.2.1)
Since (f)(z) = f(z), (6.2.1) yields

1
/Of(:v)g(w)dfv— f@)(9)dz),  ¥f € C(o,1]).

[0,1]

Hence t*(g) = g\1, where \; is the Lebesgue measure on [0,1]. Therefore, according to
Proposition 6.1.2,

FW(g) =7 (1*g) = exp {—; /[O . min{z, y}g(x)g(y) d(z, y)}

so that 3" is a Gaussian measure with covariance

1
Byw (f,9) = / min{z,y} f(z)g(y)d(z,y) = /O Qf(y)g(y)dy,

[0,1)2

where )
Qf() = | winfa.ybf(a)da

is the covariance operator @ : L?(0,1) — L?(0,1) introduced in Section 4.2.

Theorem 6.2.1. The Cameron-Martin space H of 5V on (L?(0,1), (L?(0,1))) is

H([0,1]) := {f € L*(0,1) : ' € L*(0,1) and £(0) = 0}.
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Proof. As the Cameron-Martin space is the range of Q2. see Theorem 4.2.6, we find the
eigenvalues and eigenvectors of Q, i.e., we look for all A € R and f € L?(0,1) such that
Qf = Af. Equality Qf = A\f is equivalent to

1 x 1
M(z) = /0 min{z, y} f(y)dy = /0 yf()dy + / £(9)dy (6.2.2)

for a.e. x € [0,1]. If (6.2.2) holds, f is weakly differentiable with

1
A(z) = / f(w)dy.

Moreover, the continuous version of f vanishes at 0. Hence, in its turn, f’ is weakly
differentiable and

A (z) = —f(x) a.e..

The continuous version of f’ vanishes at 1. We have proved that if f is an eigenvector of
@ with eigenvalue A, then f is the solution of the following problem on (0, 1):

A+ f =0,
f(0) =0, (6.2.3)
(1) =o0.

On the other hand, if f is the solution of problem (6.2.3), integrating between = and 1

1
M) = / f(y) dy,

whence, integrating again between 0 and z
x 1 1 1
M@ = [ [ s dyae= [ Boa) [ s dvd
1 1 1 1
= [ 160 [ Voa@enitds = [ 1) [ Gon@onwiedy
1
—/0 min{z, y} f(y) dy = Qf ().

We leave as an exercise, see Exercise 6.3, the fact if A is an eigenvalue, then there exists
k € N such that A = A\, where

1
k=, keN (6.2.4)
72 (k+3)
and Qex, = Arek, [lexllr2(0,1) = 1 if and only if
x 2k +1
= V2sin( —— ) = V2si : 2.
er(x) \fsm(m) fsm( 5 7733) (6.2.5)
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Let us now take f € L%(0,1) and write
f= ifkelm fe = (frex)r20) (6.2.6)
k=1
with ej be given by (6.2.5). Applying (4.2.9), we see that f € H if and only if
kax Qka (2k+ 1) < +oo.
Such condition allows us to define the function
\fz —cos (\/7) = W\fz fk2k +1 cos ($W(2k2+ 1))

and to obtain that g € L?(0,1) is the weak derivative of f. Indeed, for any ¢ € C°((0, 1)),
1 , 00 /s 1 s ,
flx)p' (z)de = fr Q/Sin<><p x)dx
| @@ > siv2 [ () o
 fev2 /1 ( z ) /1
; Novill Bl Svvd R | g(@)e(w)ds

In conclusion f € H'(0,1) and, by (6.2.6), its continuous version vanishes at 0, whence
f € Hy([0,1)).
Eventually, from the equality

|flir = 11Q7 2 fllx

we immediatly get |f|g = [|f'||22(0,1)- O

Remark 6.2.2. We have used the notation H} ([0, 1]) to characterise the Cameron—Martin
space; we point out that this space is not the closure of C°(0,1) in H*(0,1).

6.3 The reproducing kernel

In this section we characterise the reproducing kernel, both for X = C([0,1]) and for
X = L?(0,1). To do this, we need to introduce an important tool coming from probability,
the stochastic integral (the It6 integral).

Let (2, .7,P) be a probability space and let (W;);co,1) be a Brownian motion, i.e., a
stochastic process on (€2, %, P) satisfying the conditions of Definition 5.2.4.

If f is a simple function, i.e.,

n—1
— Z Ci]l[ti,ti+1)(t)
=0
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with¢; e R, 0=ty < ... <t, =1, we define the random variable on )

|
—

1 n
/0 f)dW(w) := (thﬂ( ) — W4, (w)) (6.3.1)
=0
We claim that
1 2 1
(/ f(t)th> ] = / f(z)%de. (6.3.2)
0 0
Indeed, we have
—1
/ f th = Z CJ']E[(Wt¢+1 - Wti)(Wtj+1 - Wtj)]
n—1
= Z C?E[(WEH + 2 Z Z CZC] ]+1 - Wtj)(Wti+1 - Wtz)]
=0 =1 j<i
—1
= Z G E[|Wtz+l ti ‘ + 2 Z ZCZCJ th+1 - Wtj] 'E[Wti+1 - Wti]
=1 j<i

= A (tig1 —t;) /\f )| de,

where we have used the fact that Wy, , — Wy, is independent of Wy, , — Wy, if j < and
the fact that Wy, , —W;, has the same image measure as Wy, | _,, given by A47(0,t;11 —t;).
For the next Theorem, we refer to [B, Section 2.11].

-
I
o

Theorem 6.3.1 (Ito Integral). There exists a unique map Iq : L?(0,1) — L?(Q,P) such
that

E[|Io(f /\f )?dz,  Vfe L*0,1) (6.3.3)

-/ faw,

if f is a simple function. Such a map is called the 1t6 integral of f, identity (6.3.3) is
called 1t0 isometry and the It6 integral is denoted by

and such that

1
:/ f(t)dwy, f e L*0,1).
0

Proof. Let .#(]0,1]) be the linear subspace of L?(0, 1) consisting of the simple functions.
The map Iq : .7([0,1]) — L*(Q,P),
1
- [ rwaw)
0

is a linear operator, defined on a dense subset of L?(0,1). Since it is continuous in the
L?(0,1) topology by (6.3.2), it has a unique continuous extension to L?(0,1). O
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In order to apply Theorem 6.3.1, we need to define Brownian motions on the probability
spaces (C([0,1]), 8(C([0,1])),4") and (L?(0, 1), Z(L?(0,1)),7""). We leave as an exercise
(see Exercise 6.4) the verification that the evaluation maps W, : C([0,1]) — R and W :
L?(0,1) — R given for continuous functions by

Wi(f) = f(t),  Wi(f) = F(2) (6.3.4)

are indeed standard Brownian motions on C([0,1]) and on L?(0, 1) respectively.
We pass now to the characterisation of the reproducing kernels X:W and X;W.

Proposition 6.3.2. Let us consider the Gaussian measures vV and 3"V on C([0,1]) and
on L*(0,1), respectively. Then

Xow = Ioqoa) (L*(0,1))

and
Xiw = I12(0,1)(L7(0,1)).

Proof. Let us consider the simple function
9(x) = aljy g () + Bl = (a+ B) g5 () + Bl (2),
s <t e€0,1]. Let (W;) be the Brownian motion defined in (6.3.4). Then by (6.3.1)

1
Ieqoa(9) = /0 g(t)dWy = (a + B)W, + B(W; — W) = oW, + W,

Therefore,
Icqoa(9)(f) = af(s) + Bf(t)
for y""W-a.e. f € C([0,1]). On the other hand, setting

B = ads + 36y,

since j(1)(f) = af(s) + BF(t) for any f € C([0,1]), we obtain Ie(.(g) = () 7" —a-e.
Moreover, by (6.3.3)

2 2 2
||9||L2(0,1) =E (IC([O,I})(Q)) = ||IC([0,1])(9)||L2(c([0,1]),7W)
= ||j(ﬂ)”%2(c([o,1}),a,W)~
For any simple function g € ([0, 1])

g(x) =Y il (x),
=1

a similar computation yields ||gl[z2(0,1) = Il7()ll 2(c(jo.17),,) With

n
= Z Ci0t,;,
=1
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W_a.e.. Approaching any ¢ € L?(0,1) by a sequence of simple

and Igo,1))(9) = J(u) v
functions gn, Ic(o,1))(gn) converges to Ic((,17)(g) in L?(C(]0,1]),4") by the It6 isometry
(6.3.3). Since I¢((o,1))(gn) € 7(#(]0,1])) for every n € N, we have Ix(o,1))(9) € X
This proves that Ioo17)(L*(0,1)) C Xow-
For the reverse inclusion, we use Lemma 6.1.1. Let us take p € .Z([0, 1]) and let (p,)
be the approximating sequence defined by (6.1.1). Then YW-a.e. j(u,) = Ieqo,1))(9n),
where

gn(z) =p({1}) +2n71u ([;n Z;1>> Upg, i1y ()
1=0
2n—1 . 7
=eI) + 3 m (-57)) 2 M) )
S SIUILTEEES o) o' (5o 5)) My @
7=0 =0 1i=j
on—1
= Cn’j]l[Q%vaTl)(x)’ (6.3.5)
j=0
where -
cng = p({1}) + ; 7 ([;n Z;})) =p ([anlD .

The functions j(j,) converge to j(u) in L2(C([0,1]),7") since

117 Cpen) — j(#)||%2(c([o,1]),»yW) =[5 (pn — H)H%%c([o,u)ﬁm = Byw (ftn =ty fin — 1)
= [t 9} (a0 & o= ) )

)

= [ @ ) <2 [ minga ) o © ) 4 )
+ [ minfeghue m(da)
[0,1]2
As p, converges to u weakly, u, ® p and u, ® p, converge to u ® u weakly, we obtain

lim|5(kn) = 520,17 w) = O-

n—-+00

Hence j(j) is the limit in Z2(C([0, 11),7/") of j(jin) = I (gn), whenee j(.([0, 1]))
T (L7(0,1)). Hence Xow C I (L2(0,1)), and this concludes the proof of the
equality X;W = IC([OJ])(LQ(O, 1)).

The proof of equality X;;W = IL2(071)(L2(0, 1)) is similar. O
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Remark 6.3.3. By Proposition 3.1.2, a function f € C([0,1]) belongs to the Cameron—
Martin space H if and only if it belongs to the range of R.w, namely if and only if
f =R, w(lcqoa(g)) for some g € L*(0,1). In this case, by (3.1.4) we have

|flr = o) (D L2cqo,1)),4w)

and by the It6 isometry (6.3.3)
|fla = HgHLQ(O,l)-
The same argument holds true for f € L?(0,1).

We close this lecture by characterising the spaces
Row (j(((0,1])))

and
Rsw (§(L*(0,1))) = Q(L*(0,1)).

The latter is easier to describe. We have indeed the following result.

Proposition 6.3.4. Let 7'V be the Wiener measure on L*(0,1). Then
Q(L*(0,1)) = {u € Hy([0,1]) N H*(0,1) : /(1) = 0}

and for any f € L*(0,1), u = Qf is the solution of the problem on (0,1)

u' = —f
u(0) = 0, (6.3.6)
w'(1)=0

Proof. If u = Qf, then

u(z) = Qf (x) = / min{z, y} £ (y)dy.

Then w is weakly differentiable and

1
W (z) = / f(w)dy.

Hence u' admits a continuous version such that u/(1) = 0; v’ is also a.e. differentiable with

On the other hand, arguing as in the proof of Proposition 6.2.1, if w is a solution of
(6.3.6), integrating twice we obtain

1
u(z) = / min{z, y} f(y)dy = Qf (x),

and this completes the proof. O
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To prove a similar result in the case of ¥V on C([0, 1]), we need the following lemma.

Lemma 6.3.5. Let v € L?(0,1) be such that v' = u € .#([0,1]) in the sense of distribu-
tions, i.e.

1
| v @ds == | pauldn), Ve clo.
0 [0,1]
Then there exists ¢ € R such that for a.e. x € (0,1)
v(z) = p((0,z]) + c. (6.3.7)

Proof. Let us set w(x) = u((0,z]). We claim that w’ = pu is the sense of distributions.
Indeed, for any ¢ € CL(0,1), by the Fubini Theorem 1.1.15

[ wwgwi= [ uaea= [ ( [, o <y>u<dy>> (@)
= /(071) ( /01 Lo,.21(¥)# (%) dx) p(dy) = — /( o o(y)u(dy).

As a consequence, the weak derivative of v — w is zero and the conclusion holds. ]

Definition 6.3.6. Let v € L?(0,1) be such that v’ € .#(]0,1]) in the sense of distributions.
Then, writing v(x) = u((0,x]) + ¢ for a.e x € (0.1) as in (6.3.7), we set

v(17) = e+ pu((0, 1)).
We close this lecture with the following proposition.
Proposition 6.3.7. Let vV be the Wiener measure on C([0,1]). Then
Ryw (j(([0,1]))) = {u € Hy([0,1]) :F3u € A4([0,1]) s.t. u" = —p on (0,1)
in the sense of distributions, u'(17) = p({1})}

and u= R w(j(u)) if and only if u is the solution of the following problem on (0,1)

u’ = —u,
u(0) = (6.3.8)
e ) ({1})-

Proof. Let u = R w(j()). Then for any v € .#([0,1]) we have

~

v(u) = v(R,w(ji(n))) _/0(01 (W) ()i @) (YWY (df)
/ / p(dz) [ fy)v(dy)y" (df)
c([0,1]) J[0,1] [0,1]

_/ </ Wx(f)Wy(f)WW(df)> (n@v)(d(z,y))
(0,12 \ /C([0,1])
:/ min{z,y}(n @ v)(d(z,y)),

(0,1]2
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where we have used the fact that W; is a standard Brownian motion. Indeed, since if
r <y, Wy and W, — W, are independent,

/ W (F)W, ()" (df) = / Wo(F) (W, () — Wal )W (df)+
([0,1]) c([0,1])
+ / Wa(f)24" (df)
c([0,1])
_ / W ()" (df) - / (W, () — Wa(£)7" (df)+
c([0,1]) ([0,1])

+ / W (f)22" (df) = .
C([0,1])

Then

u(y) = Ryw (5 (1)) (y) = o min{z, y }pi(dz). (6.3.9)

We claim that for a.e. y € (0,1)

u'(y) = p((y,1]) = —p((0, y]) + u((0,1]) (6.3.10)
and that u' € L%(0,1). Indeed, for any ¢ € C}(0,1),

/01 u(z)y' (z)dz :/[01 /1 min{z,y}¢' (z)dz p(dy)

/ / x)dx p(dy) = / / 1o p(dy) dx
[0,1] [0,1]
1
—/ / 1, 1] w(dy) dx = — / o(x ]) dz.
0 [0,1] 0

It is readily verified that u/(x) = u((x,1]) belongs to L?(0,1); in addition v’ = —u on
(0,1) in the sense of distributions. Indeed for any ¢ € C1(0,1)

/ dx—/[m]/ (0) ()¢ (x)da pu(dy)

/ culdy) = [ o)u(dy),
[0,1]

(0,1)

where the last equality follows from the fact that ¢(0) = ¢(1) = 0. Comparing (6.3.10)
with (6.3.7) in Lemma 6.3.5, we obtain

lim u'(y) = p({1}).

y—1—

On the other hand, if u is a solution of (6.3.8), then since u” = —u, by (6.3.7) in
Lemma 6.3.5 we have for a.e. z € (0,1)

u'(z) = —pu((0,2]) + ¢ = p((x,1)) = n((0,1)) +c
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Then «/(17) = p({1}) if and only if ¢ = p({1})+x((0,1)), and in this case v'(z) = p((x,1])
for a.e. x € (0,1). Integrating v’ between 0 and x, we get

) = [ w1t = /On(om ((t, 1))t = // 0 (O ey ()a(dy)

/[0 : / (1] (@) N ) (y)dt p(dy) = / min{z, y}u(dy),

and then u = R,w (j()). This completes the proof. O

6.4 Exercises

Exercise 6.1. Let u € .#([0,1]) and let u, be the sequence defined by (6.1.1); prove that
|1 (10,1]) < ([0, 1))

Exercise 6.2. Show that if (u,) is a sequence of real measures on (X,.#;) weakly con-
vergent to p and (1) is a sequence of measures on (Y, .%3) weakly convergent to v then
the sequence (, ® vy,) converges weakly to p ® v, cf. statements (ii) and (iii) in Lemma
6.1.1.

Exercise 6.3. Verify that the eigenvalues of @ in Theorem 6.2.1 are given by (6.2.4) and
that the eigenfunctions with unit norm are given by (6.2.5).

Exercise 6.4. Prove that the stochastic processes defined in (6.3.4) are standard Brownian
motions, i.e. they satisfy Definition 5.2.4.

Exercise 6.5. Prove that the function g, in formula (6.3.5) is given by

gn(ﬂc):/t([[z;:j],l}),

where [2"z] is the integer part of 2"x. Prove that if u € #([0,1]), j(u) = Ic(o1))(9)
where
g(z) = p([z,1]), for a.e. x € [0,1].

Exercise 6.6. Prove that for any u € .Z([0, 1]), the function

u(y) = min{z,y}u(dr),  y€0,1],
[0,1]

is continuous.
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