Lecture 12

The Ornstein—Uhlenbeck semigroup

All of us know the importance of the Laplacian operator A and of the heat semigroup,
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that serve as prototypes for elliptic differential operators and semigroups of operators,
respectively. Choosing X = L2(R%, \g), the Laplacian A : D(A) = W22(R4, )\;) — X
is the infinitesimal generator of 7'(t), namely given any f € X, there exists the limit
lim,_,o+ (T'(t)f — f)/t if and only if f € W22(R%, \;), and in this case the limit is Af. The
W22 norm is equivalent to the graph norm. Moreover, the realization of the Laplacian in
X is the operator associated with the quadratic form

Qu,v) = | Vu-Vovdr, u, veWH(R N).
Rd
This means that D(A) consists precisely of the elements u € W1H2(R? \;) such that the
function WH2(R4, \y) — R, ¢ Jga Vu - Vpdz has a linear bounded extension to the
whole X, namely there exists g € L?(R?, \y) such that

Vu-Vgodx:/

) gedr, @€ Wl’Q(Rd, Ad)s
R

Rd
and in this case g = —Au. If u € W22(R?, )\y), the above formula follows just integrating
by parts, and it is the basic formula that relates the Laplacian and the gradient. Moreover,
for u € W22(R9, \y) we have

Au = div Vu,

where the divergence div is (minus) the adjoint of the gradient V : WH2(R% \g) —
L?(R?, \g;RY), and for a vector field v € WH2(RY, \g; R?) it is given by Z?Zl 0v; /0x;.

In this lecture and in the next ones we introduce the Ornstein—Uhlenbeck operator and
the Ornstein—Uhlenbeck semigroup, that play the role of the Laplacian and of the heat
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semigroup if the Lebesgue measure is replaced by the standard Gaussian measure 7,4, and
that have natural extensions to our infinite dimensional setting (X,~, H). As before, X
is a separable Banach space endowed with a centred nondegenerate Gaussian measure -,
and H is the relevant Cameron—Martin space.

12.1 The Ornstein—Uhlenbeck semigroup

In this section we define the Ornstein—Uhlenbeck semigroup; we start by defining it in the
space of the bounded continuous functions and then we extend it to LP(X,~), for every
p € [1,+00).

The Ornstein—Uhlenbeck semigroup in Cj(X) is defined as follows: T'(0) = I, and for
t >0, T'(t)f is defined by the Mehler formula

Tt)f(x):= /X fle7tz + /1 — e~ 2ty)y(dy). (12.1.1)

We list some properties of the family of operators {T'(t) : ¢ > 0}.

Proposition 12.1.1. {T'(¢t) : t > 0} is a contraction semigroup in Cy(X). Moreover, for
every f € Cp(X) we have

/T(t)fd’y:/ fdy, t>0. (12.1.2)
X X

Proof. First of all we notice that |T'(¢) f(x)| < || flleo for every x € X and t > 0. The fact
that T'(t) f € Cy(X) follows by Dominated Convergence Theorem. So, T'(t) € L(Cy(X))
and [|T(t) [l ¢(cy(x)) < 1. Taking f =1, we have T'(t) f = 1 so that || T'()||z(c,(x)) = 1 for
every t > 0.

Let us prove that {T'(t) : t > 0} is a semigroup. For every f € Cp(X) and t,s > 0 we
have

(T(T(s)f)(x) = /X(T(S)f)(e_tfﬂ + V1= e 2y)y(dy)
= / / fle*(e7te + V1 — e 2ty) + V1 — e=252)y(dy)y(dz).
XJX

s_V1—e—?t + V1—e—2s
\/1_672t72sy V1—e—2t—2s

Setting now ®(y,z) = e~ z, and using Proposition 2.2.7(iv), we

get
(TE)T()))(x) = /X /X Fles "t + /1 — e 250 (y, 2))y(dy)y (d2)
- /X Flemtn + /T — e 526) (7 @ 7) 0 1) (d€)

= [ re e VT )
=T(t+s)f(x).
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Let us prove that (12.1.2) holds. For any f € C3(X) we have
[ 0590 = [ [ et s VIZ By dpn (o)
X xXJx

Setting ¢(x,y) = e to + /1 — e~2y, we apply Proposition 2.2.7(iv) with any 6 € R such
that e=! = cosf, V1 — e=2t = sin6, and we get

/ T(t)f dy = / FE)(r ®7) 0 6\ (de) = / (e (de).
X X X
]

We point out that the semigroup {7'(¢) : ¢t > 0} is not strongly continuous in Cy(X),
and not even in the subspace BUC(X) of the bounded and uniformly continuous functions.
In fact, we have the following characterisation.

Lemma 12.1.2. Let f € BUC(X). Then
lim [|T(t)f — flleo = 0 <= 1i ) = flloo = 0.
Jin (7@ f = 1 Jim [[£(e™) = f]

Proof. For every t > 0 and z € X we have

(T(t)f - F(e™))(x) = /X (e 'z + VI e By) — f(e'z))(dy)

and the right hand side goes to 0, uniformly in X, as t — 07. Indeed, given e > 0 fix R > 0
such that v(X \ B(0,R)) < e, and fix § > 0 such that |f(u) — f(v)| < e for |Ju —v|| <.
Then, for every t such that v1 —e=2*R < § and for every x € X we have

] [ et 4 V=) — et
X

(L [ et VIS - e tana)
B(0,R) JX\B(O,R)
<+ 2l

O]

The simplest counterexample to strong continuity in BUC(X) is one dimensional: see
Exercise 12.1.

However, for every f € Cp(X) the function (¢, x) — T'(¢) f(x) is continuous in [0, +-00) x
X by the Dominated Convergence Theorem. In particular,

lim T(t)f(z) = f(x), Vze X,
t—0+
which is enough for many purposes.
The semigroup {7'(t) : t > 0} enjoys important smoothing and summability improving
properties. The first smoothing property is in the next proposition.
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Proposition 12.1.3. For every f € Cy(X) and t > 0, T(t)f is H-differentiable at every
x € X, and we have

7t R

VAT @)t =~ [ et VIZ it (213)

Therefore,
—t

IV uT () f ()] < ﬁ\hmwnw z € X. (12.1.4)

Proof. Set
et
c(t) == N1

For every h € H we have
T 1+ 1) = [ Fe o+ VT= e elh + 1))
= / fleTtr + /1 —e~2t2) exp{c(t)h(z) — c(t)2|hQ|%I} ~v(dz),
X

by the Cameron-Martin formula. Therefore, denoting by l; (k) the right hand side of
(12.1.3),

[ T(@)f(x+h) = TE)f(x) = lt2(h)]

<
v -
< |hl|H/ ‘f(e*tx + V1 —e2ty) (exp{c(t)il(y) - c(t)2‘h2|%1} — 1) — c(t)fl(y)‘fy(dy)
< e Lfeofetoe ey -l g

= 1o [ [esp{ellam — e "5} <1~ et pln|-1 0, (e

where the right hand side vanishes as |h|g — 0, by the Dominated Convergence Theorem.
This proves (12.1.3). In its turn, (12.1.3) yields

IVaT () f (), Bl| < e@)l|fllocllhll i x.r) < Ol flloollBll 2 x ) = e fllool bl
for every h € H, and (12.1.4) follows. O

Notice that in the case X = R?, v = 74, we have Vy = V and formula (12.1.3) reads
as

eft

q/]_ _ 672t Rd

Let us consider now more regular functions f.

D,T(t)f(x) = fle7te + V1 — e 2y)y;va(dy), i=1,...,d. (12.1.5)
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Proposition 12.1.4. For every f € CHX), T(t)f € CHX) for any t > 0, and its
derivative at x s

(T(t)f) (x)(v) = e /X fle™ e+ /1 = e72ty)(v) y(dy). (12.1.6)
In particular,
aavT(t)f(x) - et(T(t)<aavf>>(x), veX, zeX. (12.1.7)

For every f € C3(X), T(t)f € C}(X) for any t >0, and its second order derivative at x
18

TON' @@ = [ et + VI Ty) ) (d) (12.1.8)
X
so that ) ;
8a€g2f(x) = e 2T(t) <aiéfu) (), uw,velX, zekX. (12.1.9)

Proof. Fix t > 0 and set ®(x,y) = e 'z + /1 — e~ 2ly. For every z, v € X we have

O+ o) = TN - [ Fetor VIt

< / f(@(x,y) + e ) — f(@(z,y)) — f'(P(z,y))(e"v)| V(d?/)i-
X ]
On the other hand, for every y € X we have
@ g)ee) — [(B(y) ~ f @)t
v—0 ||v]] ’

and (see Exercise 12.3)

£ (®(2,y) +e7"v) — f(2(x,y)) — f'(2(x,y))(e~"v)]

o]

< 2e” sup || f/(2)]|x+,
zeX

and (12.1.6) follows by the Dominated Convergence Theorem. Formula (12.1.7) is an
immediate consequence. The derivative (T'(¢)f) is continuous still by the Dominated
Convergence Theorem. The verification of (12.1.8) and (12.1.9) for f € CZ(X) follow
iterating this procedure (see Exercise 12.4). O

Let us compare Proposition 12.1.3 and Proposition 12.1.4. Proposition 12.1.3 describes
a smoothing property of T'(¢), while Proposition 12.1.4 says that T'(t) preserves the spaces
CLH(X) and C}(X). In general, T(t) regularises only along H and it does not map Cj(X)
into C1(X). If X = R? and v = 4 we have H = R%, this difficulty does not arise,
Proposition 12.1.3 says that T'(t) maps Cj,(R?) into C} (R?) and in fact one can check that
T(t) maps Cp(R?) into CF(R?) for every k € N, as we shall see in the next lecture.
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If f € CHX) we can write VyT'(t)f(z) in two different ways, using (12.1.3) and
(12.1.6): for every h € H we have

[VuT(t)f(z), kg 1 — e~2y)h(y)y(dy)

—et/ fle ta +

V1i—e2t Jx

=t [ Feta e VI ey ) ().
X

We now extend 7T'(t) to LP(X,7), 1 <p < oo.

Proposition 12.1.5. Let t > 0. For every f € Cp(X) and p € [1,+00) we have

1T fllzexqyy < N llzecxy)- (12.1.10)

Hence {T'(t) : t > 0} is uniquely extendable to a contraction semigroup {T,(t) : t > 0} in
LP(X,v). Moreover

(i) {Tp(t) : t >0} is strongly continuous in LP(X,~), for every p € [1,+00);
(ii) To(t) is self-adjoint and nonnegative in L*(X,v) for every t > 0;
(iii) v is an invariant measure for {T,(t) : t > 0}.

Proof. For every f € Cp(X), t >0 and x € X the Holder inequality yields

T(t)f ()] < /X [fle™'z + V1= e 2y)[Pdy = T(t)(|fI) ().

Integrating over X and using (12.1.2) we obtain

AW@NWSLT@WWM=AUW%

Since Cp(X) is dense in LP(X, ), T'(t) has a unique bounded extension T),(t) to the whole
LP(X,7), such that ||T,(#)|lczr(x,)) < 1. In fact, taking f = 1, Tp(t)f = 1 so that
1T ()| (o (x,y)) = 1-

Let us prove that {T),(t) : ¢t > 0} is strongly continuous. We already know that for
f € Cp(X) we have limy_,o+ T'(t) f(x) = f(z) for every x € X, and moreover |T(t)f(z)| <
| flloo for every x. By the Dominated Convergence Theorem, lim, ,o+ T'(¢t)f = f in
LP(X,7). Since Cyp(X) is dense in LP(X,7) and || Ty(t)||lc(zr(x,0)) = 1 for every ¢, then
lim; o+ Tp(t) f = f for every f € LP(X, 7).

Let us prove statement (ii). Let f, g € Cp(X), t > 0. Then

TOLg)0x = [ [ 504 VI= e Fg(a)n dn o)
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and setting u = et + V1 —e 2y, v = —/1 —e 2ty + ey, (u,v) = R(x,y), using

Proposition 2.2.7(iii) and the fact that v is centred we get
TOL.9)20x = [ Flgle™t = VI=eTo)(709) 0 ) (d(ws0)
X
/ / fw)gle 'u — /1 — e 2tw)y(dv)y(du)

/ / fw)g(e tu + V1 — e~ 2t)y(dv)y(du)
= ([, T)g) r2(x ~)-

Approximating any f, g € L?(X,~) by elements of Cy(X), we obtain (T(t)f, 9 r2(xy) =

(fs To()g) 12(x )
Still for every f € L?(X,~) and t > 0 we have

(O, Frexq = (B@/2)T2(t/2)f, flrex ) = (Ta(t/2) f, Ta(t/2) ) 2(x0) 2 0.
Statement (iii) is an immediate consequence of (12.1.2). O

To simplify some statements we extend the Ornstein—Uhlenbeck semigroup T'(t) to
vector valued functions. For v € Cp(X; H) and ¢t > 0 we set

T(t)v(x) = /Xv(etx +V1—e2ty)y(dy), t>0, ze€X.

By Remark 9.2.6, for every orthonormal basis {h; : i € N} of H we have

=" T@)([v(), hlw) (x)hi.
=1

Using Proposition 9.2.5(i) we get the estimate

T@)v(x)r < /X [v(e™"z + V1 — e 2y) |y y(dy) = (T(t)(vlu))(x), »€X. (12.1.11)

Notice that the right hand side concerns the scalar valued function |v|g. Raising to the
power p, integrating over X and recalling (12.1.2), we obtain

||T(t)v||LP(X,'y;H) < ||UHLP(X,7;H)7 t> 0. (12112)

As in the case of real valued functions, since Cy(X; H) is dense in LP(X,~; H), estimate
(12.1.12) allows to extend T'(t) to a bounded (contraction) operator in LP(X,~; H), called
Ty(t). We will not develop the theory for vector valued functions, but we shall use this
notion to write some formulae in a concise way, see e.g. (12.1.13).

LP gradient estimates for T),(t) f are provided by the next proposition.

Proposition 12.1.6. Let 1 < p < oo.
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(i) For every f € WYP(X,~) and t > 0, T(t)f € WLP(X,v) and
ViTy(t)f = e Ty() (Vi ), (12.1.13)

1T fllwrexqy) < N lwiex,q)- (12.1.14)

i) If p> 1, for every f € LP(X,7) and t > 0, T,(t)f € W'P(X,v) and
P

/ STy (t) (@) By < clt, p)? / Py, (12.1.15)
X X

1/p'
with c(t,p) <fR [P (0, 1)(d£)> e t/V1—e 2t

Proof. (i). Let f € CL(X). By Proposition 12.1.4, T(t)f € CH(X) and (O,T(t)f)(x) =
e YT (t)(Onf))(x) for every h € H, namely [(VyT(t)f)(z), hlg = e *T(t)([Vu f, hm)(z).
Therefore, |(VyT(t)f)(x)|g < e *T(t)(|Vu fla)(z), for every z € X. Consequently,

IVuT () f (@)l < e”P(TO(Viflu)(@) < e (T Vafly)(@)

and integrating we obtain

/ VT () (2)fydy < e / T (Vo flu)Pdy = e / Vi fyd,
X X
so that

1T fllwrexqy = 1T@) flleexy) + 1VET @) fla e x )
< fllerx ) + VB H e x,0) = 1 llwrecx )

Since C}(X) is dense in W1P(X,v), (12.1.14) follows.

(ii) Let f € Cy(X). By Proposition 12.1.3, T'(t) f is H-differentiable at every z, and
we have
IVaT(t)f(x)lu = sup  [[VaT(t)f(x),h]ul
heH, |h|g=1
Let us estimate |[VgT'(t)f(z), hlu| = |lt.o(h)| (where l; »(h) is as in the proof of Proposi-
tion 12.1.3), for |h|g = 1, using formula (12.1.3). We have

—t R
sl < < [ 15+ VTl ()
—t 1/p ., 1/p'
< [rete s vimeHpian) ([ i)

eft

- aaimey( [1errona)
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By the invariance property (12.1.2) of ~,

/X Va0 ()l (d) < (me_itezt)p /X(T(t)(lf”) dv< /]R €7 (0, 1)(d5)>p/p/

(=) [irar( [1errc 1><d5>>p/pl.

Therefore, T'(t)f € WHP(X,v) and estimate (12.1.15) holds for every f € Cy(X). Since
Cy(X) is dense in LP(X, ), the statement follows. O

Note that the proof of (ii) fails for p = 1, since for every h € H the function h does not
belong to L, and the constant c(¢,p) in estimate (12.1.15) blows up as p — 1. Indeed,
T(t) does not map L'(X,~v) into WH1(X,~) continuously for ¢ > 0, even in the simplest
case X =R, v = (see for instance [MPP, Corollary 5.1]).

12.2 Exercises

Exercise 12.1. Let X = R and set f(x) = sinz. Prove that T'(¢)f does not converge
uniformly to f in R as ¢t — 0.

Exercise 12.2. Show that the argument used in Proposition 12.1.5 to prove that T'(t) is
self-adjoint in L?*(X,~) implies that Ty (t) = T,(¢)* for p € (1,+00) with 1/p+1/p/ = 1.

Exercise 12.3. Prove that for every f € C'(X) and for every z, y € X we have

1
)~ () = /0 oy + (1 —0)a)(y — o) do,
so that, if f € C}(X),

[f(y) = f(2)] < sup [[f'(2)llxlly — .
zeX

Exercise 12.4. Prove that for every f € CZ(X) and t > 0, T(t)f € CZ(X) and (12.1.8),
(12.1.9) hold.
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