Solution to the Exercises of Lecture 10

Team Salerno

Exercise 10.1: Prove that for f € FC}(X)

VB f(z) = /X PuVuf(Poz + (I — Py)(dy), V€ X,
holds.

PROOF: Let us recall, by (7.4.1), that
E,f(x) = /Xf(an + (I - Py)y)y(dy), ze€lX,

where P,z =377 hj(x)hj, n € N, z € X, with h; = R,h; an orthonormal
basis of the Cameron-Martin space H.
So, by the dominated convergence theorem, one obtains

0Ef() = [ ;‘gj@nx (1 - Pay)r(dy)

for j < n. Since for every y € X the directional derivatives along all h; of
the function f(P, -+(I — P,)y) vanish for j > n, it follows from (9.3.2) that

VHEnf(LU) = ZagEnf(x)h]
7j=1
" )
_ Z /X EN;’;(an + (I = Pa)y)hjv(dy)
j=1

— / > %(an + (I = Pp)y)hjy(dy)
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_ /X PoVif(Poz+ (I — Py)y(dy), z € X.

Exercise 10.2: Prove that if f € FCY(X) N LP(X,7), 1 < p < oo and
Vuf € LP(X,v,H) then f € WIP(X, ).



PROOF: There exists ¢ € CY(R"), n > 1, Iy,...,l, € X* such that

f@)=¢(i(x),...,l,(x), =z=e€X.

Consider n € C}(R™) such that XB(1) <1 < XB(2) where B(1) and B(2) are
the centred open balls of radius 1 and 2 respectively. Now, for m > 1 and

y € R™, we set 0, (y) = (%) and @ (y) = nm(y)e(y). It is obvious that
©m € C}(R™), and hence

fm() = @m(ll(‘)a .- 7ln()) € bel(X)

Since lim 7y, (y) =1 and 0 < n,(y) < 1, it follows that for every z € X,
m—0o0

lim f,(x) = f(z) and

m—ro0

[fm(@)] < [f(2)]:

So, by the dominated convergence theorem one obtains f,,, — f in LP(X, 7).
On the other hand, for v € X, we have

Fu@)®) = (Vo) )
= 2D (a1 + 1)) (Vi U) 1)

= T ) m) 1)) + @) £ @) 0),

where (v) = (I1(v),...,l,(v)). Thus, by Lemma 9.3.4, we have

\Vafm(x) = Vuf(z)g
1))~ @O0

= | ot@) - @O + T @) ). 1))

M| Vnlloo
m

L2(X )

< I (U=) = U (@) r2x ) + [f ()],

where M? = [, [y[*(yol™!)(dy) < oo. Hence, Vi fm(z) — Vg f(z) in H.
Moreover

, , M| Vn|oo
Vi fn (@)1 = | (@) 12 < ﬁm(l($))|f($)|L2(X,w)+Hmn”

IVaf(@)|a + M|Vl f ()]

A

|/ ()]

IN

Applying the dominated convergence theorem one obtains that Vg f,,, con-
verges to Vg f in LP(X,v, H). Thus, f € WIP(X,~).

Exercise 10.3: Prove that if f € WP (X, ~) then f*, =, |f| € W'P(X, )
as well. Compute Vg T, Vg f~, Vg|f| and deduce that Vg f =0 a.e. on



{f = ¢} for every c € R.

PROOF: Let us recall first that f* = sup(f,0) and f~ = sup(—f,0). Con-
sider the functions

0.(s) = Vs2+e2—e if s>0,
e\$) = 0 if s <0,

where € > 0, and n € C(R) with 0 < n < 1,n(s) =1 for |s|] < 1, and
n(s) =0if |s| > 2.

So, the function 1,(s) := n,(s)0c(s) belongs to C}(R), where n,(s) =
n(s/n). Applying Proposition 9.3.10.(ii), we deduce that 1,0 f € WLP(X, ),
and

Vi (no f) = (HVES = (n(H)0(f) + nu(£)Of)) Vi f.
Thus,

Tim (0 f)(@) = (0 0 f)(@), and lim Va(n o f)(@) = 0.(f(2))Vaf(2)

for v-a.e. x € X. Moreover, |1, o f| < |0c o f| < |f], and

Vo Nl < o £V 1+ 0.0V
< @ loe + I Va s

Hence, by the dominated convergence theorem, we have 0. o f € WHP(X )

and
f :
VH(HEof)zgé(f)va:{ \/J@VHJC if f>0,

0 if £<0,
. . . \Y% if f>0,
Since lime_,0 0c(f) = f1 and lime_0 Vg (feo f) = { OHf ;f ; <0 -a.e.,

and |0 o f| < |f], IV (Oc o f)lg < |VHuSf|H, it follows from the dominated
convergence theorem that f+ € WP(X,~) and

Vuf if f>0
+ H )
vﬂf‘{ 0 iff<o.

Now, by noting that f~ = (—f)" and |f| = f* + f~ we deduce that
oo 1fl e WhP(X,5) and

_ [ =Vuf iff<o,
Vil _{0 if f>0,
Vuf if f>0,

Vulfl=4 0 if f=0,
—Vuf if f<O.
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We prove now that Vg f = 0 a.e. on {f = ¢} for every ¢ € R. Without
loss of generality one can assume that ¢ = 0. The claim follows from the
expressions of Vg ft and Vg f~ since Vyf =Vyft —Vyf~.

Exercise 10.4: Let ¢ € WYP(R",v,) and let I1,...,l, € X*, with
(L, >L2(X 7) = §;5. Prove that the function f : X — R defined by f(z) =
o(l1(z),...,1,(x)) belongs to WLP(X,~).

ProoF: Since ¢ € WHP(RYN 4,), by Definition 9.1.4, there is () C
CL(R™) such that ¢, — ¢ in LP(R™,~,,) and Vi, — Ve in LP(R™, v, R").
Define the function f,, € FC}(X) by

fm(@) = om(Ta(z)), =€ X,

where T,(z) = (l1(),...,l,(z)). Using v, = vo T,;'!, see Exercise 2.4, we
have

/ 1) = Ful@)P 1) = [ 190 = (2 ().

This implies that fp, — fin LP(X,v). On the other hand, since (l;, lj) 2(x ) =
di;, we have

Vi (@) 3 = [V (T () -
Thus,

[ 191800 = Tl o)
= [ 1VnTu@) = Vo Tl ()
= / Vem(z) = Vo (2)lgnyn(de),
where we apply again that v, =y o T, . So, (f,») is a Cauchy sequence in
WLP(X 7). Hence, there is g € WHP(X,v) such that f,, — gin WIP(X, 7).

Since f,,, — f in LP(X,~), we deduce that f = g.

Exercise 10.5: Let f € LP(X,v), p > 1, be such that E, f € W'P(X,~) for
every n € N, with sup,, |[VuEnf| 1r(x .1y < 00. Prove that f € WhP(X, 7).

Proor: If follows from the assumption sup,, |VaE,f|rr(x ;1) < 00 and
(7.4.2) that the sequence (E,, f) is bounded in W'?(X,~). So, by reflexivity,
there is a subsequence (E,,, f) converging weakly to some g € WHP(X,v) as
k — oo. Since, by Proposition 7.4.5, E,, f — f in LP(X, ), it follows that
g=f. Hence f € W'P(X, 7).

Exercise 10.6: Prove that FCZ(X) is dense in Wh2(X, 7).



PROOF: By the definition of W2(X,~) we have only to prove that FCZ(X)
is dense in FC}} (X)) with respect to the W!2(X,~)-norm. Let f € FC}(X).
So, f(:) = @(l1(),...,ln(+)) for some ¢ € CHR™) and ly,...,l, € X*. Let
(pm) be a sequence of mollifiers and ¢, = ppm * , m € N. It is well known
that p, € CZ(R™), which implies, in particular, that ¢, € CZ(R™) and
hence fr, = @m(l1(*),...,ln(-)) € FCZ(X). Moreover, for any y € R",

om0l =| [ onety = 2)i:

<lelloe [ pnle)dz = llplr (1)

Tonti) = | [ om0ty - )| < [Vl )

On the other hand, we know that li_r>n em(y) = p(y) for any y € R, and
m oo

hence,
lim fp,(x) = f(x), x e X.

m—o0

Taking into account the estimate (1), one can apply the dominated conver-

gence theorem to get that f,,, converges to f in L?(X,7).

Similarly, since li_I>n Vom(y) = Vo(y), y € R™, as in Exercise 10.2 one has,
m [e.9]

forz e X,

Vi fm(@) = Vaf@)la = [fu@)() = @)l
< MVen(l(z)) = Vo(l(z))|rn,
where M is as in Exercise 10.2. Hence, Vg f(x) — Vg f(z) in H. Using

now (2) one obtains, by the dominated convergence theorem, that Vi f,
converges to Vg f in L?(X,~, H). This ends the proof.



